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Abstract

We studytheparameterizedcomplexity of severalminimumlabelgraphproblems,in which we
aregivenan undirectedgraphwhoseedgesarelabeled,anda property

�
, andwe areasked to

find a subsetof edgessatisfyingproperty
�

with respectto G thatusestheminimumnumberof
labels.Theseproblemshave a lot of applicationsin networking. We show thatall theproblems
underconsiderationareW[2]-hardwhenparameterizedby the numberof usedlabels,andthat
they remainW[2]-hardevenon graphswhosepathwidthis boundedabove by a small constant.
On thepositive side,we prove thatmostof theseproblemsareFPTwhenparameterizedby the
solutionsize,that is, the sizeof the soughtedgeset. For example,we show that computinga
maximummatchingor anedgedominatingsetthatusestheminimumnumberof labels,is FPT
whenparameterizedby thesolutionsize.Proving thatsomeof theseproblemsareFPTrequires
interestingalgorithmicmethodsthatwedevelopin thispaper.
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1. Intr oduction

In thispaperweconsiderseveralminimumlabelgraphproblemsthataredefinedasfollows:

Input : A graphG � (V� E) whoseedgesareassociatedwith labelsor colorsspecified
by afunction � : E � C, whereC denotesthesetof labels(alsoreferredto ascolors
in this paper),a graphproperty

�
, andanintegerd.

Output : A setE��� E suchthat the subgraphof G consistingof the setof edges
in E� satisfies

�
with respecttoG, andthenumberof labels� colorsusedby theedges

in E� is at mostd.4

✩A preliminaryversionof this paperappearedin WG 2009:88-99.
Email addresses:	�
������������������������������ ����!"����#��$�%&�'�(% (MichaelR. Fellows),) * %�� ��		��
+� %��
 ,�� ���-.��(�.$/�0$.� (JiongGuo), 
(1"�(� ) �.��+�0$.�(2��(%����'��$�% (Iyad Kanj)

1Supportedin this work by the AustralianResearchCouncil, and by a ResearchAward from the Alexandervon
HumboldtFoundation,Bonn,Germany.

2Supportedby theExcellenceClusteronMultimodalComputingandInteraction(MMCI).
3This work wassupportedin partby aDePaul UniversityCompetitive ResearchGrant.
4Theproperty3 maynot only dependon thesetof edgesE4 , but ratheron thesetof edgesE4 andthegraphG (e.g.,

thepropertyof beingaHamiltoniancycleof G).

Preprint submittedto Elsevier February12,2010



Minimum label problemshave beenextensively studiedin the last few years. Theseprob-
lemsaremotivatedby applicationsfrom telecommunicationnetworks,electricalnetworks,and
multi-modaltransportationnetworks.For example,in communicationnetworks,therearedi 5 er-
ent typesof communicationmedia,suchasoptic fiber, cable,microwave,andtelephoneline. A
communicationnodemaycommunicatewith di 5 erentnodesby choosingdi 5 erenttypesof com-
municationmedia.Givena setof communicationnetwork nodes,theproblemof finding a con-
nectedcommunicationnetwork usingasfew typesof communicationmedia(i.e., labels� colors)
aspossibleis exactly theM 6 786 9;:<9 L =�>.?@ SAB=�78786 78C TD8?? problem,in which theproperty

�
is the

propertyof beinga spanningtreeof G (see[6, 20] for moredetails). Among theminimumla-
bel problemsthathavebeenextensively studied,we mentiontheM 6 786 9;:<9 L =�>.?@ SAB=�78786 78C TD8??
problem[2, 3, 4, 6, 11, 15, 20, 21, 24, 25, 26], theM 6 786 9;:<9 L =�>.?@ P=�E�F problem[3, 5, 11, 23, 27]
(where

�
is thepropertyof beinga pathbetweentwo designatedvertices),theM 6 786 9;:<9 L =�>.?@

C:<E problem[13, 27] (where
�

is thepropertyof beinga cut betweentwo designatedvertices),
and the M 6 786 9;:<9 L =�>.?@ P?D8G�?H�E M =�E�H�F<6 78C problem[16] (where

�
is the propertyof beinga

perfectmatching).
Thepreviouswork on minimumlabelproblemsmainly dealtwith determiningtheclassical

complexity of theseproblemsandstudyingtheir approximability. Someof the previouswork,
however, dealtwith developingexact algorithmsfor theseproblems. For example,Broersma
et al. [3] devised two exact algorithmsfor the M 6 786 9;:<9 L =�>.?@ P=�E�F andM 6 786 9;:<9 L =�>.?@ C:<E
problemswith runningtimeO(n I minJKC K d(sL t) � 2M CM N ) andO(n2 IBKC K !), respectively, whereC denotes
thesetof labels(colors),andd(s� t) denotesthedistancebetweenthetwo designatedverticess
andt.

In thecurrentpaperwe studytheparameterizedcomplexity of severalminimumlabelgraph
problems,with respectto two naturalparameters:the numberof usedlabelsd, andthe sizeof
thesolution KE�(K . Theproblemsunderconsiderationare:M 6 786 9;:<9 L =�>.?@ SAB=�78786 78C TD8?? (MLST),
M 6 786 9;:<9 L =�>.?@ H=�9;6 @BEO<786 =�7 CP<H�@ ? (MLHC) (where

�
is the propertyof beinga Hamiltonian

cycle), M 6 786 9;:<9 L =�>.?@ C:<E (MLC), M 6 786 9;:<9 L =�>.?@ EQ�C�? DO<9;6 7�=�E�6 O<7 S?E (MLEDS) (where
�

is thepropertyof beinganedgedominatingset,thatis, every edgesin E R E� sharesat leastone
endpointwith someedgein E� ), M 6 786 9;:<9 L =�>.?@ P?D8G�?H�E M =�E�H�F<6 78C (MLPM), M 6 786 9;:<9 L =�>.?@
M =�S<6 9;:<9 M =�E�H�F<6 78C (MLMM) (where

�
is the propertyof beinga maximummatchingof G),

andM 6 786 9;:<9 L =�>.?@ P=�E�F (MLP).
Fromsomeof theNP-hardnessreductionsfor theaboveproblems,we canderiveparameter-

izedintractabilityresultswith respectto theparameterd; for example,theNP-hardnessreduction
for M 6 786 9;:<9 L =�>.?@ SAB=�78786 78C TD8?? shows that this problemis W[2]-hard[15]. In this paper, we
strengthentheseintractability resultsby showing that, even on graphswhosepathwidthis at
mosta small constant,whenparameterizedby thenumberof usedlabelsd, theseproblemsre-
mainW[2]-hard. Theseresultsareinteresting,asvery few naturalparameterizedproblemsare
known to be (parameterized)intractableon graphswith boundedpathwidth. Whenparameter-
izedby thesolutionsize KE��K , weshow that,with theonly exceptionsof M 6 786 9;:<9 L =�>.?@ P=�E�F and
M 6 786 9;:<9 L =�>.?@ C:<E , which we prove to be W[1]-hard,all otherproblemsarefixed-parameter
tractable(on generalgraphs).Showing thatsomeof theseproblemsareFPTis non-trivial, and
requiresinterestingalgorithmicmethodsthatwedevelopin this paper.

We startby giving thenecessarybackgroundandterminologyin Section2. All thehardness
resultswill bepresentedin Section3, while Section4 containsall thefixed-parametertractability
results.Finally, we givesomeconcludingremarksin Section5.
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2. Preliminaries

Throughoutthispaperweonly considerfinite undirectedgraphsthataresimple(i.e.,with no
loopsor multipleedges).Our terminologyanddefinitionsgenerallyagreewith West[22].

For a graphG, we denoteby V(G) andE(G) thesetof verticesandedgesof G, respectively,
andby n(G) ande(G) the numberof verticesandedgesin G, respectively. For a vertex v, we
denoteby N(v) the set of neighborsof v. The degreeof a vertex v in G is KN(v) K . We shall
denotethedegreeof a vertex v in G by deg(v), andits degreein a subgraphH � G by degH(v).
For a vertex v in V(G), we denoteby G T v the graphobtainedfrom G by removing v andits
incidentedges,andby G T e, thegraphobtainedfrom G by removing theedgee while keeping
its endpoints.For asubsetof vertices(resp.edges)S in G, wedenoteby G[S] thesubgraphof G
inducedby S (resp.inducedby theendpointsof theedgesin S). Thesizeof S is its cardinality.

A matching in a graphG is a setof edgesM suchthat no two edgesin M sharethe same
endpoint.A matchingM is saidto bemaximumif M hasthemaximumsizeamongall matchings
in G. A matchingM in G is maximalif M UVJ eN is not a matchingfor everye W E(G) R M.

A setof edgesS in G is saidto beanedge-dominatingsetfor G if for everyedgee in E(G) R S,
e is incidenton at leastoneedgein S.

A parameterizedproblemis a setof instancesof the form (x � k), wherex WYX[Z , for some
finite alphabetX , andk is a non-negative integer calledthe parameter. A parameterizedprob-
lem Q is fixed-parametertractable, or simply FPT, if thereexistsan algorithmA thaton input
(x � k) decidesif (x � k) is a yes-instanceof Q in time f (k) K x KO(1), where f is a recursive function
independentof K x K . In analogyto the polynomialtime hierarchy, a hierarchyfor parameterized
complexity, calledtheW-hierarchy, hasbeendefined.At the0th level of this hierarchylies the
classof fixed-parametertractableproblemsFPT. The classof all problemsat the ith level of
the W-hierarchy(i \ 0) is denotedby W[i] . A parameterized-complexity preservingreduction
(FPT-reduction)hasbeendefinedasfollows. A parameterizedproblemQ is FPT-reducibleto
a parameterizedproblemQ� if thereexists an algorithmof running time f (k) K x KO(1) that on an
instance(x � k) of Q producesan instance(x�(� g(k)) of Q� suchthat (x � k) is a yes-instanceof Q
if andonly if (x� � g(k)) is a yes-instanceof Q� , wherethe functions f and g dependonly on
k. A parameterizedproblemQ is W[i]-hard if every problemin W[i] is FPT-reducibleto Q.
Many well-known problemshave beenprovedto beW[1]-hard including: C@ 6 ]�:<? andI 78Q�?A ?7 -
Q�?78E S?E . Examplesof W[2]-hardproblemsincludeS?E P=.H�^_6 78C , DO<9;6 7�=�E�6 78C S?E , H6 E�E�6 78C S?E
andS?E CO�`<?D . The parameterizedcomplexity hypothesis, which is a working hypothesisfor
parameterizedcomplexity theory, statesthatW[i] a FPTfor every i \ 0. Thereaderis referred
to Downey andFellows’ book[8] for moredetailsaboutparameterizedcomplexity theory.

3. ParameterizedHardnessResults

First, we show that even on graphswhosepathwidthis at most a small constant,all the
consideredminimumlabelproblemsareW[2]-hard,whenparameterizedby thenumberof used
labelsd. Theseresultsarevery interestingsincefew problemsareknown to beW-hardongraphs
of boundedpathwidth.For moredetailson pathwidth,wereferthereaderto [14].

Theorem3.1. Parameterizedby thenumberof usedlabelsd:

b M 6 786 9;:<9 L =�>.?@ EQ�C�? DO<9;6 7�=�E�6 78C S?E (MLEDS)andM 6 786 9;:<9 L =�>.?@ M =�S<6 9;:<9 M =�E�H�F<6 78C
(MLMM) areW[2]-hard on treesof pathwidthat most1;
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b M 6 786 9;:<9 L =�>.?@ SAB=�78786 78C TD8?? (MLST)andM 6 786 9;:<9 L =�>.?@ P=�E�F (MLP) areW[2]-hard on
graphswith pathwidthat most2;

b M 6 786 9;:<9 L =�>.?@ C:<E (MLC) and M 6 786 9;:<9 L =�>.?@ P?D8G�?H�E M =�E�H�F<6 78C (MLPM) are W[2]-
hard on graphswith pathwidthat most3; and,

b M 6 786 9;:<9 L =�>.?@ H=�9;6 @BEO<786 =�7 CP<H�@ ? (MLHC) is W[2]-hard on graphswith pathwidthat
most5.

Proof. All the correspondingFPT-reductionsare from the W[2]-hard H6 E�E�6 78C S?E (HS) prob-
lem [8], definedasfollows. Givena groundsetS, a collection c of subsetsof S, anda nonneg-
ative integer k, decideif thereexists a subsetS� of S of cardinalityat mostk, suchthat every
subsetin c hasa non-emptyintersectionwith S� . We assumethat cd�eJ c1 � c2 �fff � cmN .

To show the hardnessof MLEDS andMLMM, we constructfor every subsetci in c a star
with Kci K many leaves. The edgesbetweenthe root vertex of the starandits leavesare labeled
with theelementsof ci . Thenweaddanotherm T 1 verticesr1 � r2 �fff�� rmg 1 andconnecttheroot
verticesof the starsfor ci andci h 1 to r i , for 1 i i i m T 1. All edgesincidentto the r i ’s are
labeledwith distinct labelsthatarenot in S. TheresultinggraphT is clearlya caterpillarwhose
minimum edgedominatingsetsandmaximummatchingshave size K cjK . It is well-known that
caterpillarshavepathwidth1. Theedgeslabeledby theelementsof everysize-k hitting setof c
dominateall edgesof T andform amaximummatching.It is alsonothardto seethatthereexist
a minimumedgedominationsetanda maximummatchingof T which do not containany edge
incidentto ther i ’s. Thisgivesthecorrectnessof thereduction.

Next, considerMLST. As in the MLEDS andMLMM cases,for eachsubsetci in c , we
adda starconsistingof a root vertex and Kci K leaves. Theedgesin this stararelabeledwith the
elementsof ci . Then,we connectthe leavesof this starby a path5 whoseedgeshave the same
label x, wherex k S. Finally, we connectall theroot verticesof thestarsby a pathwhoseedges
have the samelabel x. Clearly, the resultinggraphhaspathwidth2, sincewe canconstructa
pathdecompositionwherefor a subsetci Wjc thereare Kci KBT 1 bags,eachof which containsthe
root vertex of thestarcorrespondingto ci andtwo leavesof this starthatbecameadjacentafter
connectingtheleavesof thisstarby apath.Observethateverysize-k solutionof theHS-instance
correspondsto asolutionof theresultingMLST-instanceusingk l 1 labels,andviceversa.This
givestheW[2]-hardnessof MLST.

For MLP, we first addm l 1 verticesr0 � r1 �fff�� rm. Then,for eachci Wec , we add Kci K many
degree-2verticeswhicharecommonneighborsof r i g 1 andr i . Thismeansthatthereare Kci K many
edge-disjointlength-2pathsbetweenr i g 1 andr i , wherethe two edgesof eachpatharelabeled
with a distinctelementof ci . Finally, let s : � r0 andt : � rm. Thecreatedgraphhaspathwidth
two, sincefor eachof the subgraphsinducedby r i g 1, r i , andthe verticescorrespondingto ci ,
1 i i i m T 1, we cancreatea pathdecompositionwith Kci K bags,eachof which contains r i g 1,
r i , andoneof the Kci K verticescorrespondingto ci . Every size-k hitting setgivesa pathof length
2 K cjK betweens andt with k labels.

Thereductionfor MLC consistsof K cjK pathsbetweentwo designatedverticess andt. These
pathsarevertex-disjoint,with theonly exceptionof sandt; eachpathrepresentsasubsetci of c
andits edgesarelabeled(in a one-to-onefashion)by theelementsin ci . Observe thatwithout s
and t the constructedgraphconsistsof disjoint pathswhosepathwidthis 1. Adding s and t to

5By connectingverticesw1 m#nBnBn#m wo by a pathwemeanaddingtheedgesp wj m wj q 1 r , for j s 1mBnBnBn#mBt<u 1.
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all bagsof thecorrespondingwidth-1pathdecompositionshows thatthepathwidthof thewhole
graphis at most3. To cut all thesepaths,oneneedsto deleteexactly K cjK edges,whoselabels
correspondthento a hitting setof c .

In thegraphconstructedfor MLPM, for eachci in c , wecreatetwo copiesof astarconsisting
of a rootvertex and Kci K leaves.Theedgesin eachcopy arelabeledwith theelementsof ci . Then,
for eachci Wvc , we connectthe two copiesof the starfor ci by addingan edgebetweenevery
two leaves(onefrom eachcopy) correspondingto thesameelementin ci . All edgesbetweenthe
two copiesarelabeledby thesamelabel x k S. Sincedeletingthetwo root verticesof the two
copiesof thestarfor ci resultsin avertex-disjointunionof edges,thewholegraphhaspathwidth
at most3. Clearly, every perfectmatchingof the resultinggraphcontains ci w(x ( Kci K�T 1) edges
labeledby x, and2 K cjK edgesfrom thestars.The labelsof the2 K cjK edgesgive thena hitting set
of c .

PSfragreplacements

v1
ci

v2
ci

s1

s1 s2

s2
s3

s3

x

xxxxx

Figure1: Thegadgetfor asubsetci syp s1 m s2 m s3r�zy{ usedin thereductionfor MLHC. Notethatx | S.

Finally, we presentthe reductionfor MLHC. We adda gadgetfor every subsetci W}c , as
shown in Figure1. Then,weconnectv2

ci
with v1

ci ~ 1
, for all 1 i i i mT 1,andv2

cm
with v1

c1
. TheseK cjK

edgesarelabeledby x k S. Thisgraphhaspathwidthatmost5,sinceeachgadgetshown in Fig.1
hasclearly a pathwidthof at most4, andaddingv1

c1
to all bagsof the decompositionsof these

gadgetsgivesa pathdecompositionof the whole graphwith pathwidth5. Every Hamiltonian
cycleentersor leavesthegadgetfor ci atv1

ci
or v2

ci
. Theonly possibilityto gothroughall vertices

in themiddleinvolvespassingthroughanedgeof labelx. It is easyto verify that c hasahitting
setof sizeat mostk if andonly if thereis a Hamiltoniancycle in theresultinggraphthatusesat
mostk l 1 labels.

Next, weconsiderM 6 786 9;:<9 L =�>.?@ C:<E (MLC) andM 6 786 9;:<9 L =�>.?@ P=�E�F (MLP) with thesize
of thesetE� astheparameter.

Theorem3.2. Parameterizedby thesolutionsize KE��K :
b M 6 786 9;:<9 L =�>.?@ C:<E is W[1]-hard on graphswith pathwidthat most4, and

b M 6 786 9;:<9 L =�>.?@ P=�E�F is W[1]-hard ongraphswith pathwidthat most2.

Proof. We give two FPT-reductionsfrom the W[1]-hard M :<@BE�6 H�O<@ O<D8?Q C@ 6 ]�:<? problem [9].
M :<@BE�6 H�O<@ O<D8?Q C@ 6 ]�:<? hasasinput a graphG, togetherwith a properk-coloring of the vertices
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of G, andthequestionis whetherthereis a k-clique in G consistingof exactly onevertex from
eachcolor class.Theparameteris thecliquesizek.

To constructan MLC-instancefrom a M :<@BE�6 H�O<@ O<D8?Q C@ 6 ]�:<? instance(G � (V� E) � k), we
partitionE into k

2 subsets,eachcontainingtheedgesbetweentwo colorclasses.For eachsubset
of edges,we createin theMLC-instancea pathbetweentwo designatedverticess andt whose
lengthis equalto thesizeof this subset;eachedgeof thepathis in aone-to-onecorrespondence
with an edgein this subset.Finally, we replaceeachedgeof the pathby two parallel length-2
paths,andthesetwo length-2pathsarelabeledby thetwo endpointsof thecorrespondingedgein
E, respectively; thatis, eachlength-2pathis labeledby anendpointof theedge.In theresulting
MLC-instanceweaskfor ans-t cutof sizeatmost2 � k

2 , usingat mostk labels.

Sincethereare exactly 2 � k
2 edge-disjointpathsbetweens and t, every solution of the

MLC-instancecontainsexactly 2 � k
2 edgeswhoselabelscorrespondto k verticesfrom the

M :<@BE�6 H�O<@ O<D8?Q C@ 6 ]�:<? instance.Thoseverticesmust induceexactly k
2 many edgesin G. The

converseis alsoeasyto check. Thus,thereis a correspondencebetweenthe solutionsof both
instances.Moreover, sincethe subgraphcorrespondingto a subsetof the edgepartition has
clearlypathwidth2, andaddingsandt to all bagsof thepathdecompositionsof thesesubgraphs
givesa pathdecompositionof the whole graph,the resultingMLC-instanceis clearly a graph
whosepathwidthis equalto 4.

TheFPT-reductionfor M 6 786 9;:<9 L =�>.?@ P=�E�F worksanalogously. Here,we introducefirst l : �
k
2 l 1 many verticesr1 � r2 �fff�� r l . Then,asin theMLC-case,we partitionthesetof edgesof G

into k
2 subsetsandadda gadgetfor thefirst subsetbetweenr1 andr2 andfor thesecondsubset

betweenr2 andr3 andsoon. For a subsetwith j many edges,thecorrespondinggadgetconsists
of j many length-2pathsbetweenthe two correspondingr-vertices;eachpath representsan
edgein this subsetandthusits edgesarelabeledby thetwo endpointsof this edge.Finally, we
sets : � r1 andt : � r l . Sincethegadgetbetweenr i g 1 andr i haspathwidth2 andtheconstructed
MLP-instanceconsistsof a linearorderingof suchgadgets,thepathwidthof theMLP-instance
is 2. Clearly, every pathfrom s to t haslength2 I k

2 , and,to constructsucha path,we have to
connectr i with r i h 1 by a length-2pathfor every1 i i i m T 1. Thelabelsof theselength-2paths
representa cliqueof theM :<@BE�6 H�O<@ O<D8?Q C@ 6 ]�:<? instance.

4. Fixed-Parameter Tractability Results

Parameterizedby thesolutionsize,M 6 786 9;:<9 L =�>.?@ SAB=�78786 78C TD8?? , M 6 786 9;:<9 L =�>.?@ P?D8G�?H�E
M =�E�H�F<6 78C , andM 6 786 9;:<9 L =�>.?@ H=�9;6 @BEO<786 =�7 CP<H�@ ? areall fixed-parametertractable,sincethe
instancesizeis boundedby afunctionof theparameter. However, it requiresmuchmoree5 ort to
show thatM 6 786 9;:<9 L =�>.?@ M =�S<6 9;:<9 M =�E�H�F<6 78C (MLMM) andM 6 786 9;:<9 L =�>.?@ EQ�C�? DO<9;6 7�=�E�6 78C
S?E (MLEDS) arefixed-parametertractablewith respectto thesameparameter.

4.1. MinimumLabelMaximumMatching (MLMM)

We startby recallingthedefinitionof MLMM:

Given: an undirectedgraphG, anda function � assigningeachedgein E(G) a label� color in
J c1 �fff�� cpN
Output: a maximummatchingM suchthatthenumberof labels� colorsusedby theedgesin M
is minimum,amongall maximummatchingsin G
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Parameter: thesizeof amaximummatchingin G

Let (G � k) bean instanceof MLMM, wherek is thesizeof a maximummatchingin G. Let
M be a maximalmatchingin G, I � V(G) R V(M), andnotethat I is an independentsetin G.
RecallthatG[M] denotesthesubgraphof G inducedby theendpointsof theedgesin M.

The algorithm is a search-treebasedalgorithm: it startsby growing a setof partial solu-
tions,i.e.,matchings,into anoptimalsolution,i.e.,amaximummatchingthatusestheminimum
numberof colors. To do so, thealgorithmbrancheson someverticesandedgesin G to decide
whetherthey belongto anoptimalsolutionor not. Sincethebranchingwill considerall possibil-
ities, we will maintaintheinvariantthatat leastonepartialsolution,amongall partialsolutions
we keep,canbeextendedto anoptimalsolution.Thealgorithmcanbesplit into severalstages,
eachtrying to simplify the resultinginstancefurther by possiblyperformingmorebranchings.
In orderfor thereaderto geta feel of what thesestagesaretrying to achieve,andhow together
they contributeto thefinal solution,wegiveanintuitivedescriptionof eachstagefirst.

In Stage1, we branchon theverticesandedgesin G[M] to determinewhich onesbelongto
anoptimalsolution.At theendof thisstage,theedgesin G[M] will beremoved,aswell assome
of its vertices.Wewill beleft with abipartitegraphwhosefirst partitesetS is asubsetof vertices
in G[M], consistingof theendpointsof theedgesthatbelongto anoptimalsolution(underthe
correspondingbranching),andwhosesecondpartition is a subsetof verticesin I . We notethat
during this stagesomeedgesin G[M] will be addedto the partial solutions,andhence,their
colorsaredecidedto beusedby theoptimalsolution.Moreover, theparameterk is decremented
by a valueequalto thenumberof edgesaddedto thepartialsolution.

In Stage2, we start with a bipartite graph B � (S� I ), and we would like to computea
maximummatchingthatmatchesS into I , andthatusestheminimumnumberof colors,under
the constraintthat somecolorshave alreadybeendetermined(from Stage1) to be usedby an
optimalsolution. In this stagewe will simplify theinstancefurther. We branchby enumerating
all possiblepartitionsof S into groupsSi , i � 1 �fff��#� , suchthat thereis anoptimalsolutionin
which all verticesin Si arematchedusingedgesof the samecolor—we will call sucha setof
edgesa monochromaticmatching. For a fixed partitioningof S into groups,we compute,for
eachgroupSi , theset � i of monochromaticmatchingsthatmatchSi into I . If K � i K is bounded
above by a predefinedfunction of k, thenwe cancomputea matchingin � i that is part of an
optimalsolutionby trying (branchingon)all monochromaticmatchingsin � i , andsubsequently
remove Si from S. If all monochromaticmatchingsin � i usethe samecolor, we branchon
everyvertex in � i whosedegreein � i is largerthana predefinedfunctionof k.

In Stage3, wecanassumethat,for eachremaininggroupSi in theresultinginstance(S�(� I � ),
K � i K is largerthanapredefinedfunctionof theparameter, andfor each� i whosemonochromatic
matchingsall usethe samecolor, the degreeof every vertex in � i is larger thana predefined
functionof theparameter. We show in this casethatanoptimalsolutioncanbecomputedeasily
(withoutany branching):a matchingM � thatmatchesS� into I � exists,suchthatthesetof edges
in M � incidentoneachgroupSi is amonochromaticmatchingin � i .

We now describethesethreestagesin moredetail.

Stage1
Let Mopt beanoptimalsolutionthatwearetrying to compute.WeapplythealgorithmStage-

1-Algorithm givenin Figure2. Wenotethatif atany point in thealgorithmStage-1-Algorithm
the partial solutioncontainstwo edgesthat sharean endpoint,thenthe partial solutioncanbe
rejected. The caseis similar if the partial solution’s sizeexceedsthe parameterk. We do not
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list theserejectionscenariosin the algorithmin orderto keepthe descriptionof the algorithm
simple.

Algorithm Stage-1-Algorithm

1. For every edgee in G[M] webranchasfollows:
1.1.Casee in Mopt: in thiscaseweincludee, decrementk by 1, andremoveeandits endpointsfrom thegraph;
wealsorecordthatthecolor � (e) is usedin theoptimalsolutionby addingit to asetof usedcolorsCused;
1.2.Casee is not in Mopt: in this casewesimply remove e, thatis, we setG : s G u e;

2. For every remainingvertex v in G[M] webranchasfollows:
2.1.Casev is an endpoint of an edgein Mopt: in this casewekeepv in thegraph;
2.2.Casev is not an endpoint of an edgein Mopt: in this caseweremove v by settingG : s G u v;

Figure2: Thealgorithmfor Stage1.

Notethatthecasedistinctionin Stage-1-Algorithmcorrespondsto thepossiblecasesresult-
ing from enumeratingwhethera vertex� edgeis in the optimal solution Mopt or not, andhence
this casedistinctionis donewithout knowing theoptimalsolutionMopt.

Proposition4.1. Thebranchingperformedin Stage-1-Algorithm is correct.

Proof. First notethat the algorithmconsidersall possibilitieswhenbranchingon an edgeor a
vertex.

In step1.1, when the edgee is includedin the partial solution,noneof its endpointscan
any longerbe usedasan endpointof any otheredgein Mopt; this justifiesthe removal of the
endpointsof e from thegraphin this case.Thesituationis di 5 erentin step1.2: theendpointsof
edgee canstill beusedasendpointsof someotheredgesin Mopt, andhencethey mustbekept
in thegraph.

In step2.1, whena vertex hasbeendecidedto be an endpointof someedgein Mopt, the
vertex remainsin thegraphbecausetheotherendpointof thatedgehasnot beendecidedyet. In
step2.2, whenthe vertex hasbeendecidednot be an endpointof an edgein Mopt, it is simply
removedfrom thegraph.

Therefore,thebranchingperformedby thealgorithmis exhaustive (coversall possibilities),
andthecorrespondingstepstakenarecorrect.

Let S be the setof remainingverticesin G[M], andnotethat sinceall the edgesin G[M]
havebeenremovedduringthebranching,S is anindependentset.Moreover, undertheworking
assumptionthatourpartialsolution(branching)is valid (i.e., leadsto anoptimalsolution),every
vertex in S mustbeanendpointof anedgein theoptimalsolutionMopt. Therefore,thenumber
of verticesin S is atmostk.

Let B � (S� I ) betheresultingbipartitegraphfrom G after thebranching.Notethat thesize
of S, plusthenumberof edgesin thepartialsolution,shouldaddup to k at thispoint;otherwise,
we canrejectthepartialsolution.

Theremainingtaskamountsto computinga matchingwith theminimumnumberof colors
that matchesS into I , under the constraintthat someof the colors—thosewhich appearin
Cused—havebeenused.
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Analysis of the number of partial solutionsenumeratedin Stage1

To analyzethe numberof partial solutionsgeneratedin Stage1, we count the numberof
pathsin the searchtreecorrespondingto the branchingperformedby the algorithm Stage-1-
Algorithm . We have thefollowing proposition:

Proposition 4.2. Thenumberof pathsin thesearch treecorrespondingto Stage-1-Algorithm,
andhencethenumberof partial solutionsgeneratedbyStage-1-Algorithm, is O((8ek)k), where
e is thebaseof thenatural logarithm.

Proof. Since K M K i k, thenumberof verticesin G[M] is at most2k, andthenumberof edgesin
G[M] is at most 2k

2 � k(2k T 1).
Thebranchingin Stage1 canbeimplementedasfollows. For eachi � 0 �fff�� k, we choosea

matchingof sizei from theedgesin G[M] to beincludedin Mopt. For eachof theremainingat
most(2k T 2i) verticesin G[M], we branchon it asindicatedabove,thuscreatingat most22kg 2i

partial solutions.Therefore,the numberof partial solutionsenumeratedin Stage1 is bounded
aboveby:

k

i � 0

k(2k T 1)
i

22kg 2i � 4k
k

i � 0

k(2k T 1)
i

1 � 4i (1)

i 4k k(2k T 1)
k

k

i � 0

1 � 4i (2)

i 4k I (e(2k T 1))k I O(1) (3)

i 4k I (2ek)k I O(1) � O((8ek)k) f
Inequality(2) is justifiedby the fact that the coe� cient k(2kg 1)

k is the largestcoe� cient in

thesummation.Inequality(3) usesthefact that n
k i (en� k)k, wheree is thebaseof thenatural

logarithm(for instance,see[7]). It follows that the numberof partial solutionsenumeratedin
Stage1 is O((8ek)k).

Stage2
Given the bipartitegraphB � (S� I ) and the parameterk����KS K�i k, we try in this stage

to simplify the instancefurtherby performingmorebranching.For this purpose,the following
notionwill behelpful:

Definition 4.3. A matchingis monochromatic if all its edgeshave the samecolor. If M � is a
monochromaticmatching,wedenoteby � (M � ) thecolorof theedgesin M � .

Wewould like to partitionS into groupssuchthatall verticesin thesamegrouparematched
in Mopt by a monochromaticmatchingof a distinctcolor (from any othergroup). To do so,we
will enumerateall possiblepartitionsof S. For a fixed partition of S into � groupsS1 �fff � S� ,
we work underthe assumptionthat, in Mopt, the verticesin eachgroup Si are matchedby a
monochromaticmatchingof a distinctcolor (from thecolorsof theothergroups).Clearly, there
existsatleastonepartitionof S for whichthisworkinghypothesisis true,namelytheoneinduced
by thecolor classesin Mopt.
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Let S1 �fff�� S� be a fixed partition of S into � nonemptygroups,where1 i���i k� is an
integer. It is possiblethatagroupSi usesthecolorof anedgethatwasaddedto apartialsolution
in Stage1; thatis, acolor thatappearsin Cused. Therefore,for each(possiblyempty)subsetC� of
Cused, we try all one-to-onemappingsfrom C� to J S1 �fff�� S�'N . Fix sucha mapping.Thensome
groupsin J S1 �fff�� S�'N have beenassignedcolors,andhencethe colorsof the monochromatic
matchingssoughtfor thesegroupsarefixed. Clearly, undertheassumptionthatour partitionof
theverticesof S is correct,andsincewearetrying all possibleassignmentsfrom theusedcolors
to thegroups,therewill beanassignmentof colorsthatcorrespondsto that in Mopt, andhence
we aresafe.

Definition 4.4. Let Si , i W�J 1 �fff��#�.N , beagroup.If Si hasapreassignedcolor, let ci bethiscolor
anddefine � i ��J Mi K Mi is amonochromaticmatchingthatmatchesSi into I and � (Mi) �
ci N . Otherwise,the color of Si is undeterminedyet, and in this casedefine � i ��J Mi K
Mi is amonochromaticmatchingthatmatchesSi into I N .

Let h(k� ) be a function of k� whose value will be determinedin Lemma 4.12. Let� �}J S1 �fff�� S�'N be a fixedpartition of S, asdiscussedabove. We performmorebranchingto
simplify theinstanceby applyingthealgorithmStage-2-Algorithmgivenin Figure3.

Algorithm Stage-2-Algorithm

1. If thereexistsagroupSi zy� suchthat � � i ��� h(k4 ), thenbranchonevery matchingin � i asthematchingthat
matchesSi in Mopt; for eachbranchcorrespondingto amatchingMi in � i :

1.1. addtheedgesin Mi to thepotentialsolutionanddecrementk4 by � Si � ;
1.2. remove theverticesin V(Mi ) from thegraph,andremove everyedgewhosecolor is � (Mi ) from thegraph;
1.3.applyStage-2-Algorithm recursively aftersetting� : s ��� p Si r ;

2. elseif thereexists a groupSi z�� suchthat the total numberof di � erentcolorsusedby the monochromatic
matchingsin � i is morethan1 but not morethanh(k4 ), thenbranchby trying all possiblecolorsappearing
in � i to determinethe color usedin Mopt to matchSi (this color has to be one of the colors usedby a
monochromaticmatchingin � i ); for eachcolor c usedby amonochromaticmatchingin � i :

2.1. remove every edgeincidentonsomevertex in V(Si ) whosecolor is di � erentfrom c;
2.2. remove all edgesof color c thatarenot incidentonverticesin V(Si ) from thegraph;
2.3.applyStage-2-Algorithm recursively;

3. elseif thereexistsagroupSi zy� suchthatall themonochromaticmatchingsin � i have thesamecolor, andif
thereexistsavertex v in Si suchthatthenumberof edgesincidenton it in thematchingsin � i is atmosth(k4 ),
thenbranchon which edgein a matchingin � i matchesv in Mopt; for eachbranchcorrespondingto anedge
ev:

3.1. addev to thepotentialsolution,remove theendpointsof ev from thegraph,anddecrementk4 by 1;
3.2.updateSi andapplyStage-2-Algorithm recursively;

Figure3: Thealgorithmfor Stage2.

Wenotethatif theset� i is emptyfor somegroupSi , thenthepartialsolutioncanberejected
sincethis would imply that theenumeratedpartition

�
, or thecolor assignmentto thegroupsin�

is notvalid. Again,wedonotmentiontherejectionscenariosin thealgorithmin orderto keep
thepresentationsimple.

10



Proposition4.5. Thebranchingperformedin Stage-2-Algorithm is correct.

Proof. Undertheworking hypothesisthatthefixedpartition
�

is correct,thatis, correspondsto
thatin Mopt, thebranchingsperformedin steps1, 2, and3 exhaustall possibilities,andhenceare
correctin thesensethatat leastoneof thepathsin thesearchtreecorrespondingto thealgorithm
Stage-2-Algorithmwill leadto anoptimalsolution.We justify next theoperationsperformedin
eachstepof thealgorithm.

In step1.1, sincethebranchassumesthat theverticesin Si arematchedby Mi in Mopt, the
edgesin Mi areaddedto thepartialsolution,andtheparameterk� is decrementedby thenumber
of theseedges,thatis by K Mi K�}KSi K . Step1.2removestheverticesin V(Mi) becausenoneof them
canserveasanendpointof any otheredgein Mopt. Notealsothat,undertheworkingassumption
that only the verticesin Si arematchedby edgesof color � (Mi), any edgein the graphthat is
not incidenton V(Si) andwhosecolor is � (Mi), is not usedby Mopt, andhencecanberemoved
from thegraph.Step1.3 appliesthealgorithmrecursively afterremoving thegroupSi from

�
,

sincetheverticesin this grouphavebeenremovedfrom thegraph.
In step2.1,sincethebranchassumesthat theverticesin V(Si) arematchedby edgeswhose

color is c, any edgeincidenton a vertex in V(Si) whosecolor is di 5 erentfrom c is not usedby
Mopt, andhencecanbe removed from the graph. By the sametoken, no vertex that is not in
V(Si) canbematchedby an edgeof color c, andhenceedgesof color c whosebothendpoints
arenot in V(Si) canbe removed; this justifiesstep2.2. Finally, step2.3 appliesthe algorithm
recursively.

In step3.1,sinceedgeev hasbeendecidedto betheedgeusedby Mopt to matchvertex v, ev is
addedto thepartialsolution,its endpointsareremovedfrom thegraph(sincetheseendpointscan
no longerbeusedastheendpointsof anotheredgein Mopt), andtheparameterk� is decremented
by 1, reflectingtheadditionof ev to thepartialsolution.Finally, groupSi is updatedby removing
vertex v from it, andthealgorithmis appliedrecursively.

We concludethat thebranchingdonein thealgorithmis exhaustive, andthecorresponding
stepstakenarecorrect.

Let k� � be the resultingparameterafter the executionof Stage-2-Algorithm above. The
following hold true:

Proposition4.6. For each remaininggroupSi , i W�J 1 �fff��#�.N :
(i) K � i K�\ h(k� � ).
(ii) Either thenumberof colorsappearingin � i is more thanh(k� � ), or it is exactly1.

(iii) If � i hasexactly onecolor appearingin it, theneveryvertex in Si hasmore thanh(k� � )
edgesthatare incidenton it in thematchingsin � i .

Proof. Part (i) follows from the fact that,after the executionof the algorithm,therewill beno
groupSi satisfyingthe conditionin step1, andhencetherewill be no groupSi for which the
numberof monochromaticmatchingsin � i is atmosth(k� � ).

Part (ii ) followsfrom thefactthat,aftertheexecutionof thealgorithm,therewill benogroup
Si satisfyingtheconditionin step2.

Part (iii ) follows from the fact that, after the executionof the algorithm, therewill be no
groupSi for which thenumberof colorsusedby themonochromaticmatchingsin � i is 1, and
in which thereexistsavertex v whosenumberof incidentedgesin � i is at mosth(k� � ).
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In the next stagewe show how, given the above Proposition,we can easily computea
solutionto theresultinginstance.

Analysis of the number of partial solutionsenumeratedin Stage2

Lemma 4.7. Thenumberof pathsin thesearch-treecorrespondingto theenumerationof thedif-
ferentpartitionsof S, andthedi� erentassignmentsof usedcolorsto thegroupsin each partition,
is at most2cusedk� k� h 1(k� !), where cused is thenumberof colors in Cused.

Proof. Let cused bethenumberof colorsin Cused. Thenumberof partitionsof S into � groupsis
at most�.M SM�i�� k� , wherek�;�}KS K . For eachpartitionof S into � groups,andfor eachsubsetC� of
Cused, where����KC��K , wemapthecolorsin C� in aone-to-onefashionto asubsetof the � groups.
Thereareat most � ! � (��T�KC��K )! i�� ! suchmappings.Therefore,the total numberof partitions
of S in which someof the � groupshave beenassignedcolors is at most 2cused k�� � 1 � k� � ! i
2cusedk� k� h 1(k� !).

Let
� �vJ S1 �fff � S��N , where��i k� , bea fixedpartitionof S in which someof thegroupsin

S (possibly)havepreassignedcolors.

Lemma 4.8. For each group Si , i W J 1 �fff��#�.N , we can determineif K � i K&i h(k� ), and if so,
computethe monochromaticmatchingsin � i , in time O(e(G) ¡ n(G) l n(G)h(k� )). Therefore,
we can determineif there existsa group Si such that K � i K/i h(k� ) in time O(k� e(G) ¡ n(G) l
k� h(k� )n(G)).

Proof. Let Si beagroup.Wecomputeatmosth(k� ) l 1 monochromaticmatchingsMi W�� i . At
theend,eitherwe manageto computeh(k� ) l 1 monochromaticmatchingsin � i , andhencewe
havedeterminedthat K � i K�\ h(k� ), or we know that K � i K�i h(k� ).

To do so, we iterateover eachcolor c, andcomputemonochromaticmatchingsof color c
that matchSi into I until either the total numberof monochromaticmatchingscomputedso
far is h(k� ) l 1, or thereareno moremonochromaticmatchingsof color c that matchSi into
I ; at that point we try the next color. (If Si hasa preassignedcolor, thenthereis no needto
iterateover eachcolor, and we only considerthe color assignedto Si .) For a fixed color c,
we considerthe subgraphof B consistingof the edgesof color c incident on verticesin Si .
Note that eachmatchingin this subgraphthat matchesSi into I is a maximummatching. It
wasshown in [19] how, aftercomputinga maximummatchingin a bipartitegraph,every other
maximummatchingcanbe computedin linear time in the numberof verticesof thesubgraph,
permatching.Therefore,computingat mosth(k� ) l 1 monochromaticmatchingsof color c that
matchSi into I canbedonein timeO(e(G) ¡ n(G) l n(G)h(k� )), whereO(e(G) ¡ n(G)) is thetime
neededto computethefirst monochromaticmaximummatchingfor Si [7]. As a matterof fact,
sincewhenever we fix a color c for a groupSi we only look at the edgesof color c incident
on theverticesin Si , andsincewe totally computeat mosth(k� ) l 1 monochromaticmatchings
thatmatchSi , computingat mosth(k� ) l 1 monochromaticmatchings(regardlessof thecolor)
thatmatchSi canbedonein time O(e(G) ¡ n(G) l n(G)h(k� )). Sincethereareat mostk groups,
computingthesets� i , i � 1 �fff��#� , canbedonein timeO(k� e(G) ¡ n(G) l k� h(k� )n(G)).

Lemma 4.9. Thenumberof pathsin the search treecorrespondingto the algorithm Stage-2-
Algorithm is at mosth(k� )2k� .
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Proof. Webranchin thealgorithmStage-2-Algorithm in steps1,2, and3. Eachtimewebranch,
we branchinto at mosth(k� ) ways,andwe endup calling thealgorithmrecursively. Therefore,
to provethelemma,it su� cesto show thatthedepthof therecursionin thealgorithmis at most
2k� .

Notefirst that,whenever we branchin step1 or step3, theparameteris decrementedby at
least1. Therefore,the total numberof timeswe branchin steps1 and3, andhencethe total
numberof timeswe call thealgorithmrecursively from steps1 and3, is atmostk� .

In step2, we only branchif the numberof colorsin � i is morethan1 but lessthanh(k� ).
After branching,groupSi is assigneda color, andhencewill never beconsideredagainin step
2. Sincethereare at most k� groups,the numberof times we branch,andhencewe call the
algorithmrecursively, in step2 is at mostk� .

It follows thatthedepthof therecursionin thealgorithmStage-2-Algorithm is at most2k� ,
andthelemmafollows.

Lemma 4.10. The numberof paths in the search tree correspondingto Stage 2 is at most
2cusedk� k� h 1(k� !)h(k� )2k� .
Proof. We branchin Stage2: (1) whenwe partition S into � groupsandassignsomeof these
groupscolorsfrom thesetCused, and(2) whenweapplythealgorithmStage-2-Algorithm.

By Lemma4.7, thenumberof pathsin thesearchtreecorrespondingto thebranchingmen-
tioned in (1) above is 2cusedk� k� h 1(k� !). By Lemma4.9, the numberof path in the searchtree
correspondingto thebranchingdescribedin (2) above is h(k� )2k� .

It follows thatthetotal numberof pathsin thesearchtreecorrespondingto thebranchingin
Stage2 is at most(2cusedk� k� h 1k� !) I (h(k� )2k� ) � 2cusedk� k� h 1(k� !)h(k� )2k� .
Lemma 4.11. Therunningtimealongeach path in thesearch treecorrespondingto Stage 2 is
O(k� 2e(G) ¡ n(G) l k� 2h(k� )n(G)).

Proof. Therunningtime alongeachpathin thesearchtreecorrespondingto Stage2 is therun-
ning time incurredby theexecutionof thealgorithmStage-2-Algorithm. In eachcall to Stage-
2-Algorithm , therunningtime duringthis call is dominatedby therunningtime of step1 in the
algorithm.This is becausethecomputationin step2 reducesto computingthenumberof colors
appearingin � i , which is obviouslydominatedby therunningtimeneededto compute� i . The
running time in step3 reducesto the runningtime incurredin computingthe degreeof every
vertex in Si , which is againdominatedby therunningtime neededto compute� i .

By Lemma 4.9, the running time neededto compute the � i ’s is O(k� e(G) ¡ n(G) l
k� h(k� )n(G)). Along eachpath in the searchtree we needto computethe � i ’s at most 2k�
times becausethe depthof the recursionin the algorithm Stage-2-Algorithm is at most 2k� .
It follows that the runningtime alongeachpathin the searchtreecorrespondingto Stage2 is
O(k� 2e(G) ¡ n(G) l k� 2h(k� )n(G)).

Stage3
GiventheresultinginstanceB�;� (S�(� I � ) from Stage2, andtheparameterk� �[�}KS�(K , suchthat

S� is partitionedinto S1 �fff � S� , whereeachset � i associatedwith Si , for i � 1 �fff��#� , satisfies
thestatementsof Proposition4.6,we show how to computea matchingM � thatmatchesS� into
I � , andsuchthatthesetof edgesin M � incidentonSi is amonochromaticmatchingwhoseedges
areedgesfrom the matchingsin � i . We note that, at this point, the numberof edgesin the
partialsolutioncorrespondingto theinstanceB�;� (S��� I � ), plustheparameterk� � , shouldaddup
to k; otherwise,thepartialsolutioncanberejected.
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Lemma 4.12. Let h(k� � ) � k� � 2 l k� � . Assumingthat each � i , i � 1 �fff��#� , satisfiesProposi-
tion 4.6, there existsa matching M � that matchesS� into I � , such that the setof edges in M �
incidenton Si , for i � 1 �fff��#� , is a monochromaticmatching whoseedgesare edgesfrom the
matchingsin � i .

Proof. Startingwith S1, we pick a monochromaticmatchingM1 W�� 1 that matchesS1 into
I � . Let I1 � V(M1) ¢ I � . Inductively, assumethat we have determineda monochromatic
matchingM j , where1 i j £ � , suchthat the edgesin M j are edgesfrom the matchingsin
� j , andsuchthat I j � M j ¢ I � is disjoint from I1 U�fff�U I j g 1. We show how to determinea
monochromaticmatchingM j h 1 whoseedgesareedgesfrom the matchingsin � j h 1, andsuch
that I j h 1 � M j h 1 ¢ I � is disjoint from I1 U}fff�U I j . We distinguishtwo cases:

Case 1. � j h 1 containsmore than h(k� � ) colors. Since KS�(K�� k� � , eachvertex in I � has
degreeat most k� � . Since K I1 U¤fff�U I j K[i�KS�(K[i k� � , and since(by the previous statement)
eachvertex in I � has degree at most k� � , the numberof edgesincident on the vertices in
I1 U�fffU I j is at mostk� � 2. Since � j h 1 containsmorethanh(k� � ) � k� � 2 l k� � monochromatic
matchingsof distinct colors, the numberof monochromaticmatchingsin � j h 1 whoseedges
areincidenton somevertex in I1 U¥fff U I j is at mostk� � 2. Therefore,thefact thath(k� � ) \ k� � 2
guaranteesthe existenceof a monochromaticmatchingM j h 1 W�� j h 1 whosesetof endpoints
in I � is disjoint from I1 U�fff U I j . Consequently, wecanchooseI j h 1 to bedisjoint from I1 U�fff U I j .

Case2. � j h 1 containsa singlecolor. By Proposition4.6-(iii), every vertex in S j h 1 hasmore
thanh(k� � ) edgesincidenton it in � j h 1. As in Case1 above, thenumberof edgesincidenton
I1 U¥fffU I j is at mostk� � 2. Sinceh(k� � ) � k� � 2 l k� � , for every vertex in S j h 1, thereareat least
k� � edgesincidenton it in � j h 1 suchthatnoneof themis incidenton a vertex in I1 U�fffU I j .
Moreover, all theseedges(for all v W S j h 1) have thesamecolor. By Hall’s theorem[22] (note
that KS j h 1 K�i k� � ), thereis a matchingM j h 1 whoseedgesareedgesfrom thematchingsin � j h 1,
andsuchthat I j h 1 is disjoint from I1 U}fff(U I j .

Analysis of the running time of Stage3
This stageinvolvesno enumerations.We havethefollowing theorem:

Lemma 4.13. ThematchingM � describedin Lemma4.12canbecomputedin timeO(k� � 3), where
k� �[�}KS��K .
Proof. SinceS� containsat mostk� � groups,it su� cesto show thatcomputingthematchingM j

for eachgroupS j , asdescribedin Lemma4.12,canbedonein timeO(k� � 2).
If � j satisfiesCase1, thenin time O(k� � 2) we canfind a color c appearingin � j satisfying

thatno edgeof color c is incidenton a vertex in I1 U¦fff�U I j g 1. This is truebecausethereareat
mostk� � verticesin I1 U¥fff�U I j g 1, eachof degreeat mostk� � . Sowe cancomputethecolorsof
theedgesincidenton theverticesin I1 U¦fff�U I j g 1 in time O(k� � 2), andhencedeterminea color
c in � j suchthatno edgeof color c is incidenton any vertex in I1 U}fff�U I j g 1, andwe canalso
determinea matchingM j of color c matchingS j into I R (I1 U}fff(U I j g 1).

If � j satisfiesCase2, then,in timeO(k� � 2), wecancompute,for everyvertex in S j , k� � edges
incidenton it, noneof which is incidenton a vertex in I1 U¥fffU I j g 1. This is truebecausethe
numberof edgesincidentontheverticesin I1 U�fff U I j g 1 is atmostk� � 2. Oncewehavedetermined
for every vertex in S j k� � suchedges,the matchingM j canbe computedincrementally: for a
vertex v W S j pick oneedgefrom its k� � incident edgesthat is not incidenton any vertex in
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I1 U�fff'U I j g 1, noronany edgewhichwaspreviouslyplacedin M j ; theexistenceof suchanedge
is guaranteedby thefact that KS j K.i k� � andthateachvertex in S j hasat leastk� � incidentedges
thatarenot incidenton any point in I1 U}fff(U I j g 1.

We concludethatthematchingM � canbecomputedin O(k� � 3) time.

Puttingall together
The correctnessof the algorithm follows from Proposition 4.1, Proposition 4.5, and

Lemma4.12. For eachpath in the searchtree correspondingto the algorithm, either we re-
ject the instance,or we endup computinga maximummatchingthat usesa certainnumberof
colors.Themaximummatchingweoutputat theendis amaximummatchingwith theminimum
numberof colors.

Therunningtime of thealgorithmis boundedby thenumberof pathsin thesearchtree(i.e.,
thenumberof partialsolutionsenumerated),multiplied by thetime spentalongeachpath. The
numberof pathsin thesearchtreeis theproductof thenumberof pathsin thesearchtreecorre-
spondingto Stage1,whichis O((8ek)k), andthenumberof pathsin thesearchtreecorresponding
to Stage2, which is 2cusedk� k� h 1(k� !)h(k� )2k� . Sinceeachcolor c in Cused implies theexistenceof
an edgeof color c which wasaddedto the partial solutionin Stage1, andsincethe sizeof an
optimalsolutionis k, we concludethatcused l k�§i k. This, togetherwith thechoiceof thefunc-
tion h(k� ) � k� 2 l k� , gives2cusedk� k� h 1(k� !)h(k� )2k� i k� cusedh k� h 1(k� !)(k� 2 l k� )2k� (assumingk� � 2),
which is O(kk h 1(k!)k4k) � O(k6k h 1 � ek) (usingStirling’s approximation[7]). It follows that the
total numberof partialsolutionsenumeratedby thealgorithmis O(8kk7k h 1).

Alongeachpathin thesearchtree,wespendtimeproportionalto thesizeof thegraphin Stage
1, thatis O(e(G) l n(G)), andwespendO(k� 2e(G) ¡ n(G) l k� 2(k� 2 l k� )n(G)) � O(k2e(G) ¡ n(G) l
k4n(G)) time in Stage2, andO(k3) time in Stage3. It follows that therunningtime alongeach
pathin thesearchtreeis O(k2e(G) ¡ n(G) l k4n(G)). Consequently, therunningtimeof thewhole
algorithmis O(8kk7k h 5e(G) ¡ n(G)).

Theorem 4.14. M 6 786 9;:<9 L =�>.?@ M =�S<6 9;:<9 M =�E�H�F<6 78C can be solved in time
O(8kk7k h 5e(G) ¡ n(G)), and henceis FPT when parameterizedby the size of the maximum
matching in thegraph.

4.2. MinimumLabelEdgeDominatingSet(MLEDS)

Recallthedefinitionof MLEDS:

Given: an undirectedgraphG, anda function � assigningeachedgein E(G) a label� color in
J c1 �fff�� cpN
Output: anedgedominatingsetQopt of G of sizeatmostk suchthatthenumberof labels� colors
usedby theedgesin Qopt is minimum
Parameter: k

The ideasusedby the algorithmaresimilar in flavor to thoseusedfor the MLMM prob-
lem. Therefore,we will omit somedetailsto avoid repetition.We startwith thefollowing easy
observation:

Observation 4.15. Let M bea matching in G, andlet Q bean edge dominatingsetof G. Then
KQ K���K M K � 2.
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Let (G � k) beaninstanceof MLEDS. Let M bea maximalmatchingin G, I � V(G) R V(M),
andnotethat I is an independentsetin G. If K M K&\ 2k, thenby Observation4.15,G doesnot
have anedgedominatingsetof sizeat mostk, andwe canrejecttheinstance(G � k). Therefore,
we mayassumehenceforththat K M K�i 2k.

Similar to whatwe did for theMLMM problem,we will branchon theedgesandverticesin
G[M] to determinewhichonescontributeto anoptimalsolutionQopt, which is anedgedominat-
ing setof G of sizeat mostk thatusestheminimumnumberof colors(if sucha solutionexists).
In thefirst stage,we applythealgorithmAlgo-I givenin Figure4.

Algorithm Algo-I

1. For every edgee z G[M] webranchasfollows:
1.1.Casee in Qopt: in this casewe includee, decrementk by 1, setG : s G u e, markall edgesincidentoneas
dominated,labelbothendpointsof ewith thelabel“ INused”, andaddthecolor � (e) to Cused;
1.2.Casee is not in Qopt: setG : s G u e;

2. For every vertex v in G[M] thatis not labeledwith INused, webranchasfollows:
2.1. Casev is an endpoint of an edgein Qopt: labelv with the label“ IN” andmarkevery edgeincidenton v
asdominated;
2.2.Casev is not an endpoint of an edgein Qopt: labelv with thelabel“OUT”;

Figure4: Branchingon theverticesandedgesin G[M].

Notethatthelabel INused is usedto indicatethata vertex is anendpointof someedgethatis
alreadydecidedto bein Qopt, whereasthelabel IN is suedto indicatethata vertex is decidedto
bein Qopt but hasno incidentedgethatwasdecidedto bein Qopt yet. ThelabelOUT is usedto
indicatethata vertex is decidednotbeanendpointof anedgein Qopt.

NotethatsinceI is anindependentsetin G, every edgein G mustbedominatedby anedge
in Qopt having at leastoneendpointin G[M]. In particular, this is true for every edgein G[M].
Therefore,afterbranchingon theedgesandverticesin G[M], we needto checkthat, for every
edgee W G[M] thatwasdecidednot to be in Qopt, andsubsequentlyremovedfrom G, at least
oneof its endpointshaslabel IN or INused. If this is not thecase,thenthepartial solutionthat
we haveenumeratedis notvalid, andwerejectit.

After theabovebranching,all theedgesof G[M] areremovedfrom G, andwe endupwith a
bipartitegraphB � (S� I ), whereS consistsof thesetof remainingverticesin G[M]. Note that
at this point thenumberof edgesin thepartialsolution,plusthenumberof verticesof label IN,
mustbeatmostk; otherwise,we rejecttheinstance.

Every vertex in S hasoneof thefollowing labels:(1) INused indicatingthat thevertex is an
endpointof a known edgewhich wasdeterminedto bein Qopt, (2) IN indicatingthat thevertex
is the endpointof someedgein Qopt but this edgehasnot beendeterminedyet, and(3) OUT
indicatingthat thevertex is not anendpointof anedgein Qopt. Theedgesin B have oneof two
possibletypes: (1) dominated,thosearetheedgeswith at leastoneendpointof label INused or
IN, and(2) not dominated,andthosearetheedgeswhoseendpointin S is of labelOUT.

Sincewe aretrying all possiblebranchesfor theedgesandverticesin G[M], thereis at least
onesearchpathcorrespondingto thealgorithmthatwill leadto anoptimalsolution.

Proposition4.16. Thenumberof pathsin thesearch treecorrespondingto thealgorithmAlgo-I
is at most(128ek)k.
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Proof. Thenumberof partialsolutionsenumeratedby thebranchingcanbeupperboundedin a
similar fashionto that in Stage1 of thealgorithmfor MLMM. Theonly di 5 erencehereis that
thenumberof edgesin themaximalmatchingM is atmost2k, andhence,thenumberof vertices
in G[M] is at most4k, andconsequentlythenumberof edgesin G[M] is atmost2k(4k T 1).

The branchingcanbe implementedas follows. For eachi � 0 �fff�� k, we choosea setof
edgesof sizei from theedgesin G[M] to beincludedin Qopt. For eachof theremainingat most
(4k T 2i) verticesin G[M], webranchon it asindicatedabove,thuscreatingatmost24kg 2i partial
solutions.Therefore,thenumberof partialsolutionsenumeratedis boundedaboveby:

k

i � 0

2k(4k T 1)
i

24kg 2i � 16k
k

i � 0

2k(4k T 1)
i

1 � 4i (4)

i 16k 2k(4k T 1)
k

k

i � 0

1 � 4i (5)

i 16k I (2e(4k T 1))k I O(1) (6)

� O((128ek)k) f
Inequality(5) is justifiedby the fact that thecoe� cient 2k(4kg 1)

k is the largestcoe� cient in
thesummation.

Now given the instanceB � (S� I ), andthe resultingparameterk� , we will branchfurther
to simplify the instance.First, observe thatsincethenumberof edgesin Qopt is at mostk, the
numberof verticesin S thatarelabeledwith INused or IN is at most2k; otherwise,we rejectthe
partialsolution.

Observation 4.17. For everyvertex w in I , thenumberof edgesincidenton w whoseendpoint
in S is labeledwith INused or IN is at most2k.

Let I in bethesetof verticesin I thatareneighborsof verticesin S of labelOUT. Then:

Proposition4.18. K I in K�i k.

Proof. For every edgee �¥J u � vN whereu W S haslabel OUT, e needsto be dominatedby an
edgeincidenton v; therefore,the vertex v mustbe an endpointof someedgein Qopt. SinceB
is bipartite,for any two distinct verticesw1 andw2 in I in, the setof edgesbetweenw1 andits
neighborsof labelOUT in S, andthesetof edgesbetweenw2 andits neighborsof labelOUT
in S mustbe dominatedby (at least)two distinct edgesin Qopt. Sincethe numberof edgesin
Qopt is at mostk, therecanbeat mostk verticesin I in thatareneighborsof verticesin S of label
OUT. It followsthat K I in K�i k.

By Observation4.17,every vertex in I hasat most2k edgesincidenton it whoseendpoint
in S is labeledINused or IN. Therefore,we will branchon every edgeincidenton a vertex in I in

whoseendpointin S is labeledINused or IN to determineif theedgeis in Qopt or not. We apply
thealgorithmAlgo-II givenin Figure5.

It is easyto seethat the branchingperformedin Algo-II is exhaustive andcorrect. After
this branching,we checkthat for every vertex in I in, at leastoneof theedgesincidenton it was
decidedto bein Qopt; otherwise,we rejectthepartialsolution.
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Algorithm Algo-II

1. For every edgee s¨p um vr whereu z S is labeledINused or IN andv z I in webranchasfollows:
1.1. Casee in Qopt: in this casewe includee in thesolution,decrementk4 by 1, setG : s G u e, addthecolor� (e) to Cused;
1.2.Casee is not in Qopt: setG : s G u e;

Figure5: Branchingon theedgesincidenton I in whoseendpointin S is labeledINused or IN.

Proposition4.19. Thenumberof pathsin thesearch treecorrespondingto thealgorithmAlgo-II
is at most(2e)kkk h 1, wheree is thebaseof thenatural logarithm.

Proof. By Proposition4.18,thereareat mostk verticesin I in. For eachvertex in I in, by Obser-
vation 4.17, thereareat most2k edgesincidenton it whoseendpointsin S arelabeledINused

or IN. Therefore,Thenumberof edgesbetweenI in andverticesin S of label INused or IN is at
most2k2.

The branchingin the algorithm Algo-II can be implementedas follows. Sinceat most k
edgescanbein Qopt, wecantry everysetof at mostk edgesbetweenI in andtheverticesin S of
label INused or IN. Thenumberof suchpossiblesetsis at most:

k

i � 1

2k2

i
i k

2k2

k
i (2e)kkk h 1 f

Thelastinequalityis obtainedusingStirling’sapproximation[7].

After branchingon theedgesincidenton theverticesin I in andremoving them,thevertices
in I in andtheverticesin S of labelOUT canberemoved. Every remainingvertex in S is either
of label INused or IN. Sincea vertex in S of label INused is an endpointof an edgealreadyin
Qopt, every edgeincidenton a vertex in INused is dominated.Therefore,if for every vertex of
label IN in S wedetermineoneof its incidentedgesto bein Qopt, weobtainanedgedominating
setof B. On theotherhand,our branchingstipulatesthat from every vertex in S of label IN we
mustdetermineat leastoneedgeincidenton it to bein Qopt. Therefore,our problemreducesto
picking for everyvertex of label IN in S exactlyoneedgeincidenton it, sothatthetotalnumber
of colorsusedis minimized.(Thatis, wedonotneedto beconcernedaboutwhichedgesanedge
incidenton avertex in S dominates,sincepickinganincidentedgefrom everyvertex remaining
in S guaranteesthatweendupwith anedgedominatingset;theproblemthusreducesto picking
a setof edgesincidenton theremainingverticesin S thatusestheminimumnumberof colors.)
To do so,we first remove theverticesof label INused from S, sinceno edgeincidenton any of
themneedsto beconsidered.At this point S shouldhave at mostk� vertices;otherwise,we can
reject.Thenfor everycolorc in Cused, andfor everyvertex v of label IN in S, if thereis anedge
of color c incidenton v, we includee in thesolution,decrementtheparameter, andremove the
vertex from B. (Notethatedgeswhosecolor is in Cusedare“gainedfor free” becausetheircolors
havealreadybeenusedby edgesin thepartialsolution.)

After this step,every vertex in S is of label IN, andthereis no edgeincidenton any vertex
in S whosecolor appearsin Cused. To computea setof edgesthatusestheminimumnumberof
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colorssuchthat for every vertex in S exactly oneedgein this setis incidenton it, we have the
following proposition:

Proposition 4.20. A setof edgesthat usesthe minimumnumberof colors and such that, for
everyvertex in S, exactlyoneedge incidenton it is in this set,canbecomputedby an algorithm
whosecorrespondingsearch treehasat mostkk h 1 paths.

Proof. We try eachpartition of S into � groups, �©WªJ 1 �fff�� k�0N , suchthat all verticesin the
samegroupareincidenton edgesof thesamecolor in Qopt (aswe did in Stage2 of theMLMM
problem).For eachsuchpartition,andfor eachgroupin thispartition,wefind acolorc suchthat
everyvertex in this groupis incidenton anedgeof colorc; weaddthis setof edgesof colorc to
thepartialsolution.If sucha choiceis not possiblefor somegroup,thenwe rejectthepartition.
Note that computingsucha setof edgescanbedonein time O(kn(G)), becausethenumberof
colorsis atmostn(G) (for everycolor, andeverygroup,wetry whetherthereis amonochromatic
setof edgesincidenton thegroupvertices).It is clearthatat leastonepartitionwill correspond
to thesamepartitionof verticesinducedby Qopt, andhence,at leastonesearchpathwill leadto
anoptimalsolution.

SinceS hasat mostk� verticesat this point, the total numberof partitionsof S is at most
k� k� h 1 i kk h 1.

Theorem 4.21. M 6 786 9;:<9 L =�>.?@ EQ�C�? DO<9;6 7�=�E�6 78C S?E can be solved in time
O(256ke2kk3k h 3(n(G) l e(G))), and hence is FPT when parameterizedby the size of the
edgedominatingset.

Proof. We applyAlgo-I , followedby Algo-II , followedby thealgorithmdescribedin Proposi-
tion 4.20.At theend,we endup with anedgedominatingsetfor G of sizeat mostk. We output
theedgedominatingsetof G of sizeat mostk thatusestheminimumnumberof colors,overall
solutionsgeneratedfrom all branches.

By Proposition4.16,Proposition4.19,andProposition4.20,thetotal numberof partialso-
lutionsenumeratedby thealgorithmis O((128ek)k I (2e)kkk h 1 I kk h 1) � O(256ke2kk3k h 2). For each
suchpartial solution,we needto processthe graphG during the branching,which takestime
O(kn(G) l e(G)). Notethat thekn(G) factoris thetime neededto computethesetsdescribedin
Proposition4.20.Therefore,therunningtimeof thealgorithmis O(256ke2kk3k h 3(n(G) l e(G))).

It followsthattheM 6 786 9;:<9 L =�>.?@ EQ�C�? DO<9;6 7�=�E�6 78C S?E problemis FPTwhenparameterized
by thesizeof theedgedominatingset.

5. Concluding Remarks

In this paper, we consideredsomeminimum label graphproblems.We showed that,when
parameterizedby the numberof usedlabels,mostof theseproblemsare intractable,even on
graphsof boundedpathwidth.Ontheotherhand,weshowedthatmostof theseproblemsbecome
parameterizedtractablewhen parameterizedby the solution size. For the tractability results
developedin this paper, the parameterizedalgorithmswe presentedarenot very practical,and
improving thesealgorithmsis definitely possible,andremainsan openquestion.In particular,
the following questionsstandout, following establishedlinesof investigationin parameterized
algorithmics[12]:

1. Are thereFPTalgorithmsfor theFPTproblemswe have identifiedhere,having runtimeof
theform 2O(k)nO(1)?
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2. Do theseFPT problemsadmit polynomial-timekernelizationto problemkernelsof size
boundedby apolynomialin theparameterk (see[1])?

We notethat,recently, therehasbeena lot of interestin studyingstructuredgraphproblems,
suchasproblemsoncoloredgraphs,dueto theirapplicationsin variousfieldssuchasnetworking
andcomputationalbiology. (The H�O<78`<?S«D8?H�O<@ O<D86 78C problem[17] is suchan examplein com-
putationalbiology.) We alsonotethat certaingeneticphasesolutionrecombinationproblems,
in thesettingof meta-heuristicsfor hardproblems,canbeformulatedasmaximum-labelgraph
problems[18]. While theseproblemsarepracticallyvery important,they areoftencomputation-
ally harddueto thestructuralrequirementon thesolutionsought.Therefore,it is bothnatural
andinterestingto studywhethertheseproblemsremainintractablewith respectto di 5 erentpa-
rameters,suchasthenumberof colors,thepathwidth� treewidthof thegraph,thesolutionsize,or
evenwith respectto morerestrictiveparameters,suchasthevertex coveror themaxleafnumber.
This paperfollows this line of research[10].

Finally, it is interestingto studytheparameterizedcomplexity of otherminimumlabelgraph
problemsthathavepracticalapplications.A goodcandidatewouldbetheMinimum LabelFeed-
backArc Setproblemon directedgraphs.
Acknowledgments: We would like to thanktheanonymousrefereefor thevaluablecomments
andsuggestionsthathelpedimprovethequalityandthepresentationof thepaper.
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